REPRESENTATIONS OF s[(2,C) AND CLEBSCH-GORDAN RULE

HUAN T. VO

ABSTRACT. In this notes we describe the Clebsch-Gordan rule for s((2,C), which gives a
decomposition of tensor products of irreducible representations into irreducibles.

1. IRREDUCIBLE REPRESENTATIONS OF sl(2,C)

Recall that the Lie algebra s[(2,C) is
s[(2,C) = {A € Maty(C): tr(A) = 0},

0 1 0 0 1 0
(o) -(0) =0 5)
and the Lie brackets are given by [e, f| = h, [h,e] = 2e, [h, f] = —2f.

By a representation V of a Lie algebra g we mean a Lie algebra homomorphism g —
gl(V), the Lie algebra of all linear transformations of some complex vector space V. A
subspace of V' that is stable under the action of g is called a subrepresentation of V. A
representation V' is #rreducible if its only subrepresentations are either 0 or V' and is called
completely reducible if it is the direct sum of irreducible representations. We would like to
classify representations of s[(2,C). For that, we first classify the irreducible representations.
Some terminologies are in order.

Let V be a representation of sl(2,C). For A € C, let

VIAI: ={veV:hv=\v}.
If V[A\] # 0, then A is called a weight of V|, V[)A] is called a weight space and elements of
V[A] are called weight vectors. A weight A of V is called a highest weight of V if
ReA > Re) for any weight \ of V.

If X\ is a highest weight of V| we call elements of V[\| highest weight vectors. Note that
any finite dimensional representation has a highest weight since h always has at least one
eigenvalue (over C) and only has finitely many of them.

It has basis

Lemma 1.1. The actions of e and f on V[ is given by
eVIA C V[A+2],
fVIA c VIA=2].

Proof. The proof is a straight-forward computation based on the fact that V' is a represen-
tation of s[(2,C). Pick any v € V[A], then

h(ev) = ([h, €] + eh)v = 2ev + Aev = (X + 2)ev,
h(fv) = ([h f1+ fh)o = =2fv+ Afv = (A = 2)fo,

as required. O
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Lemma 1.2. Let V be a representation of sl(2,C) with highest weight X\ and vy € V[A] a
highest weight vector. Define

v = ffug, k>0.
Then

(i) evy = k(A — k4 1)vg_y for k>0 and evy = 0.
(11) hl}k = (/\ - 2]€)Uk,

Proof. We prove part (i) and (ii) simultaneously by induction. When k = 0, by definition
hvy = Avg. If evy # 0, then by Lemma we have h(evg) = (X + 2)evy, contradicting the
assumption that A is a highest weight. Thus evy = 0. When k£ = 1,

hvy = hfvg = (A= 2)fvg = (A —2)ny
again by Lemma 1.1 and
evy = efvy = ([e, f] + fe)vg = hvg = v,
where we use evg = 0. Now suppose that (i) and (ii) are true for £ > 1. We compute
hvky1 = hfv, = (A =2k — 2) fop = (A — 2k — 2)vg,q,

where in the second equality we use the fact that v, is an eigenvector of h with eigenvalue
A — 2k. Finally,

evgr1 = efvr = ([e, f] + fe)ur = hvg + fevg
=A=2K)vg + k(A =k +1)fop_1 = (k+ 1)(A — k)uvg,
as required. O

Now we are ready for our main theorem. In brief, there is a 1-1 correspondence between
irreducible representations of s[(2, C) and non-negative integers.

Theorem 1.3. (1) For any n > 0, let V,, be the finite dimensional vector space with basis
{vo,v1,...,v,}. Define the action of 5(2,C) by

ho, = (n —2k)vg,, 0<k<n
fok =1, 0Zk<n; fo,=0,

evp =k(n+1—k)vp_1, 0<k<mn; evy=0.

Then V,, is an irreducible representation of sl(2), we will call it the irreducible represen-
tation with highest weight n.

(2) For n # m, representations V,,, V,, are not isomorphic.

(8) Every finite-dimensional irreducible representation of sl(2,C) is isomorphic to one of
the representations V,,.

Proof. (1) Notice that if n = 0, then V) = span {vg} is the trivial representation. So assume
that n > 0. To check that V,, is indeed a representation of s[(2, C), it suffices to check that

ho, = (ef — fe)ug;  2evy = (he —eh)vg;  —2fvg = (hf — fh)vg
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for k=0,1,...,n. We have
(ef — fe)ug = evpy1 —k(n —k+ 1) fog_y
=(k+1)(n—Fk)vpy —k(n—k+ 1)y
= (n — 2k)vx, = huy.
Note that the above computation also holds when k = 0 or £ = n. Similarly,
(he — eh)vy = k(n — k + 1)hvg_1 — (n — 2k)evy,
=k(n—Fk+1)(n—2k+2)vpg_1 — (n —2k)k(n — k + 1)vp_4
=2k(n — k4 1)vg_1 = 2evy.
The above computation also works when k& = 0. Finally,
(hf — fh)vk, = hugrr — (n — 2k) foy,
= (n —2k — 2)vgr1 — (n — 2k)vp
= 20411 = —2fu.
Again the above computation also holds when & = n. Thus V, is a representation of s[(2, C).
Now to see that V,, is irreducible, let 0 # W C V,, be a subrepresentation of V. Pick
0 # w € W and suppose that
W= ApUm + Qpa1Uma1 + - + AuUp, Ay 7 0, m > 0.
Then
e" "M = aay,vy,

where aa,, # 0, as can easily be checked. Thus vy € W, and because W is a representation,
it follows that W =V, as required.

(2) For n # m, representations V,, and V,, have different dimensions. Therefore they are
not isomorphic.

(3) Now suppose that V' is a finite dimensional irreducible representation of sl(2, C). Then
V' has a highest weight A\ with a highest weight vector vy. Put

vy = fFy, k>0.

Then the actions of s[(2, C) on {v} are as in Lemmal[l.2] If the vj’s are non-zero, then they
are linear independent, since they have different weights. Since V' is finite dimensional, there
must exist some n > 0 such that v, # 0 and fv, = 0. So in particular v, = 0 for all k& > n.
We have from Lemma [1.2]

0=-evyp1 = (n+1)(A—n)u,.

Since v,, is non-zero, it follows that A = n. So V' has highest weight n. The vectors vy, ..., v,
are linearly independent. Now consider

W = span {vg,...,v,}.

The action of s[(2,C) on W is exactly as given in part (1) of the theorem. So in particular

W is a subrepresentation of V' which is isomorphic to V,,. Since V is irreducible, it follows

that V =W = V,,; as required. 0]
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Corollary 1.4. IfV,, is the irreducible representation of sI(2, C) with highest weight n, then
V., is the direct sum of its weight spaces:

V,=V[-nl®&V[-n+2|&---@&Vn-2&Vn],

and each weight space is one dimensional. More specifically, V[n — 2k| is generated by vy,
where v, = fFuvy for some highest weight vector vg.

2. CONCRETE EXPRESSIONS FOR V,,

In this section we give a concrete expression for the irreducible representations V,,. Observe
that V; = C2?, the standard representation of sl(2,C). The isomorphism is

H 1 _ H 0 _
Vo o) = 21, U1 1) = Z9.

Consider S™V7, the nth symmetric power of Vi, i.e. an element P € S™V] is a homogeneous
polynomial in z; and z5 of total degree n:

-1 -1
P=qagz! +a127 20+ -+ an_1212y  + apzy,

where ag, ..., a, € C.

Theorem 2.1. With the following actions:

oP OP
. P — T
(h )(21, Zz) 21 07, <2 02

oP
(e-P)(z1,22) = 218_2’2’
oP
(f - P)(z1,22) = g
we have S"C* 2 V,, as representations of sl(2,C). Thus S*(V1), the symmetric algebra of Vi,

contains all irreducible representations of sl(2,C).

Proof. Note that S™C? has the following basis

1 1
n n—1 n—1 _n
{n' b (TL — 1)' ! 2 ez =2

Let v, = mz{‘_kz’g, 0 < k < n. To see that S"C? = V,,, we just need to check that
the actions of e, f, h on the v’s follow the rule of part (1) of Theorem [L.3] which is a
straight-forward exercise. 0

3. DIGRESSION ON LIE GROUPS

For our purpose, it suffices to look at matrix Lie groups, i.e. closed subgroups of GL(n, C).
For instance, the Lie group SU(2) is given by

SU(2) = {A € GL(2,C): A"A =I5, det(A) = 1}.
Here A* denotes the conjugate transpose of A. The group SU(2) is connected. It is home-

omorphic to the three-dimensional sphere S? sitting inside R* and hence is compact and is

simply connected.
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Given a matrix Lie group G, its Lie algebra g can be identified with the tangent space to
G at the identity e. One can obtain g via the exponential mapping. More specifically, the
Lie algebra g is the set of all matrices X such that ! € G for all real numbers ¢, where

o 1
tX kyk
e —E k:!tX'
k=0

For instance, the Lie algebra of SU(2) is su(2), given by
su(2) = {A € Maty(C): A" = —A, tr(A) =0}.

Notice that su(2) is not a complex vector space since if A* = —A, then (1A)" = —iA* =iA.
Its complexification is precisely the Lie algebra s((2,C), i.e.

s[(2,C) = su(2) + isu(2).

So in particular the complex representations of su(2) and s((2,C) are the same.

Given a representation of a matrix Lie group G, i.e. a smooth group homomorphism
G — GL(V) for some complex vector space V', one can obtain a representation of the
corresponding Lie algebra g as follows. For X € g and v € V, we have

X-v:i (e ).
dt|,_,

However, not every representation of g comes from a representation of G. Nevertheless, it
turns out that if G is connected and simply-connected, then the category of representations
of G and the category of representations of g are equivalent. So in our case in particular,
the representation theory of SU(2) is the same as the representation theory of sl(2, C).

Here we would like to introduce a notion that will be useful in the next section. Let V' be
a representation of G and suppose that V is equipped with an invariant inner product

(-, ), i.e.
(1) (gv, gw) = (v,w) for all g € G and v,w € V.

In other words, g acts as a unitary operator. One advantage of having an invariant inner
product on V is that if W is a sub representation of V', its orthogonal complement

WH={veV: {(v,w)=0 forallwe W}
is also a subrepresentation. Indeed, for v € W+ and g € G, we have

(gv,w) = (g gv, g7 'w) = (v, g 'w) =0

for all w € W. The invariant inner product descends to the corresponding representation of
g, where condition becomes
d

— eXv, e w) =0
K )

for X € g. In other words,
(Xv,w) + (v, Xw) = 0.

Again it can be checked easily that if W is g-subrepresentation of V', then W+ is also a

g-subrepresentation.
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4. REPRESENTATIONS OF sl(2,C)
Theorem 4.1. Any finite dimensional representation of sl(2,C) is completely reducible.

Proof (sketch). From Section [3| we know that representations of sl(2,C) are the same as
representations of SU(2). If a finite dimensional representation V' of SU(2) is equipped with
an invariant inner product, then one can easily show that V' is completely reducible by an
induction argument. Hence it suffices to prove that any finite dimensional representation V'
of SU(2) can be equipped with an invariant inner product.

Recall that SU(2) is homeomorphic to S* and so is compact. In general, given a compact
Lie group G and a finite dimensional representation V' of G equipped with an arbitrary inner
product (-, -), one can always obtain an invariant inner product (-, )¢ on V as follows (this is
known as the Weyl Unitary Trick). First one can define a non-zero measure p on the Borel
o-algebra of G such that: (1) p is locally finite, i.e. every point in G' has a neighbourhood
with finite measure and (2) it is invariant under right-translation, i.e. u(Eg) = p(E) for any
g € G and any Borel set £ C G. This is known as a Haar measure. Then one obtain a new
inner product:

(v1,v2)¢ = /G<g -1, g - v2) dp(g).

To see that (-, )¢ is indeed invariant, note that

(b1, b v = /G (gh) - 1, (gh) - v2) du(g)

= /(k v, k- vy) du(kh™Y)  (make the substitution k& = gh)
G

= / (k-vi,k-vy) du(k) (because p is right invariant)
G

= <Ul,02>G,

as required. For a completely algebraic proof of this result, without referring to Lie groups,
the readers can consult [KirO8, Section 6.3]. O

Corollary 4.2. Every finite dimensional representation V' of sl(2,C) is the direct sum of its
weight spaces. In other words,
V=PV,

nez
where only finitely many V' [n] are non-zero.
Proof. This follows directly from Corollary [I.4 and Theorem [4.1] O

Now we introduce a concept which will be useful in the next section. Let V' be a finite-
dimensional representation of sl(2, C), we define the formal character of V to be

ch(V): = dim(V[n])t".

nez

Note that ch(V) € Z[t,t7!], the ring of Laurent polynomials in ¢ with integer coefficients,
because V is finite-dimensional. In particular, the character of the zero vector space is 0.

From now on, we assume all representations of s[(2, C) are finite-dimensional.
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Lemma 4.3. If V and W are representations of s(2,C), then
ch(V @& W) = ch(V) + ch(W).

Proof. We have
VoW =@ Vine @ wim = Vin e Win,
neL mEeZ ne”L
Taking formal character we obtain

ch(V W)=Y dim((V o W)n)t"

neL

as required. O
Our main result concerning formal characters is the following theorem.

Theorem 4.4. Two representations V. and W of sl(2,C) are isomorphic if and only if
ch(V') = ch(W).

Proof. The only if direction is clear from the definition, so we only need to prove the if
direction. We proceed by induction on the dimension of V' and W. Notice that the condition
ch(V) = ch(W) implies that V and W have the same weight space decomposition and so
they have the same dimension. Let n be the dimension of V' and W. The case n = 0 is
vacuously true, so consider n > 0. Let A be a highest weight of both V' and W. Then part
(3) of Theorem implies that V' contains a subrepresentation V' isomorphic to V\ and W
contains a subrepresentation W’ isomorphic to V). Now decompose

V=VaWV), W=WwagW)

Here we assume that V' and W are each equipped with an invariant inner product (see
Section [3). Thus (V’)* and (W’)* are both subrepresentations. Now by assumption

ch(V) = ch(V’) + ch((V')*) = ch(W') 4 ch((W')*) = ch(W).

But ch(V’) = ch(W’) = ch(Vy), so ch((V")*) = ch((W')1). Since (V') (W)L resp.) has
dimension less than the dimension of V' (W resp.), the induction hypothesis yields (V’)* and
(W")* are isomorphic as representations. Thus the representations V and W are isomorphic
and that completes the induction. 0

5. CLEBSCH-GORDAN RULE

In this section we describe how to decompose the tensor product of two irreducible repre-
sentations of s[(2,C) into irreducibles. In general, given two representations V' and W of a
Lie algebra g we can turn V ® W into a representation as follows:

X -veouw)=X-vw+vX w, Xecg veV, weW
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This action will look more natural on the level of Lie groups. Suppose G is a Lie group
whose Lie algebra is g and V' and W are representations of G. Then we can define an action
of Gon V&W by

g-vRw)=g-v®g-w, geG veV, weW.
Now for X € g, its action on v ®@ w € V ® W is given by

d

X -(vew)= T
t=0

™ vt w)=X-1vuwtveX w,

as expected.
Lemma 5.1. If V and W are representations of s(2,C), then
ch(V @ W) = ch(V)ch(WV).

Proof. Recall that V' and W have bases consisting of eigenvectors of h. If v € V[n] and
w € Wim], then

h-lv@uw)=h-vQw+v@h-w=nv@w+v@mw=(n+m)vQw.

It follows that
(VeW)kl = @ VineWmn.

n+m=~k
Hence,
ch(V@W) =) dim((V e W)k)"
keZ

=3 Y dim(V[n]) dim(W[m])¢*

= " dim(Vn])t" Y dim(W[m])t"

= ch(V)ch(W),
as required. -

Theorem 5.2 (Clebsch-Gordan rule). Let V,, and V,, be the irreducible representations of
sl(2,C) of highest weights m and n, respectively. Assume m > n, then

Vm & Vn = Vm+n S vm+n—2 D ---D Vm—n+2 D Vm—Tu
as representations of sl(2,C).

Proof. By Theorem[4.4] it suffices to show that the two sides have the same formal characters.
From Corollary [I.4] we have

tn+2 _ t_n
Ch(Vn) — t—n + t—n—l—Q et tn—2 + tn — tQ—l
So the formal character of the right hand side is given by b
tm+n+2 —gm-n tm+n _ t7m7n+2 tmfn+4 _ tfm+n72 tmfn+2 _ tfern
2 - +oe -
2) t2—1 2 -1 t2—1 t2—1



Now note that

_mmen t—m—n+2 _ _ t—m—i—n—Q _ ¢—mtn

=t TR TR )
=t""ch(V,).
Also,
gt gmAn g gmentd g g2
e G A SRR S Ao A
= t""2ch(V},).
Therefore becomes

tm+2 _ t_m

where the last equality follows from Lemma |5.1] O

Example. When m =n = 1, we have
Vi 2Whel=2VaeC,

where one can check easily that V5 is the adjoint representation of s[(2, C). The isomorphism
is vg — e, v; — h and vy — f.
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