The .nb (source) file is at http://www.math.toronto.edu/vohuan/, based on the original program at http://-
drorbn.net/AcademicPensieve/2015-07/PolyPoly/.

Alexander Invariant of Tangles

1. -Calculus
The following code expresses an element of [ calculus in a nice format.

In[1]:= I'Collect[I'[w_, A_]] := T'[Simplify[w],
Collect[A, x , Collect[#,y , Factor]é&]];
Format[I'[w_,A_]] := Module[{S, M},

S = Union@Cases[T'[w,A], (X|Y)a = a, «];

M = Outer[Factor[Ox.y.Al&, S, S];
M = Prepend[M, y:& /@ S] // Transpose;
M = Prepend[M, Prepend[xs& /@ S, w]];

M // MatrixForm] ;
For instance, we can display an element of I calculus as follows.

P di1 Jdi12
In[3]:= I‘[w,{ya,yb}. (921 gzz) .{xa,xb}]
w Xa Xp
Ya 911 912
Yo 921 922

out[3]=

Next we program the stitching operation

In[4]:= T /: T[wl_, A1_]T[w2_, A2_] := T[wlxw2, Al+A2];
ma_,e__,c_[r[w_, A_]] t= MOdule[{arBrYIéleler¢r$rElu}r

aYBrxan‘A ay.sﬁ“e‘A 6Ya'A
Y 5 € ‘sye,xaA ‘3ye,:(eA 63(eA
¢ ¥y E Ox, A Ox A A

1. B+a &/u 6+a e/u) ]
rlw=l-no, (ve, 13- (415 o/h org crh) - (xe 1}
/. {taote, teote} // I‘Collect];

a B 6

/- (Y]%)aje~0;

N o 1 1-t, .
Rie = T[1, {ya,¥e)-(g "p.°)-(xa,xe}];
R;_,e_ = R;,e /. taml/ta;

Checking meta-associativity
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ai1 a2 a1z 61
oaz1 Q22 023 62
asz1 as2 a3z 63

¢1 ¢2 ¢3 E

In[8]:= §=I‘[w, {y1,¥2,¥3,¥s}- -{Xl,xz,xsfxs}]

(8//my,251//my ,3,1)==(8//mz,3,2//m1 2,1)

w X1 X7 X3 Xs
Y1 Q11 012 013 61
oufigl= | Y2 O21 Oz2 Q23 O
Y3 Q31 O3 033 O3

ys ¢$1 02 ¢3 &
outgl= True

Checking the RIll relation

R3
In[10]:= Ri 4R3 sRg,3//m1,651//m2,452//m3,553
1 xp X5 X3
yi 1 1-t, hie
out[10]=
Y2 0 tl 1- t2
ys O 0 E_f
In[11]:= R, 4RE 2RE 3//my 551/ /m2, 652/ /M3, 453
1 Xq X9 X3
o 1 1- tl 71+§11 to
out[11]=
Y2 0 tl 1- t2
y: 0 0 o
Checking the RII relations
In[12]:= R} Rk,1//mi xsi/ /Mg, 155

1 Xi Xy
ouriz= | y; 1 0
Yj 0 1

Checking the Overcrossings Commute (OC) relation

In[13]:= Rj,2Ri 3//m1,451
1 xp X5 X3
5 Y1 1 1- tl 1- t]_
out[13]= v, 0 - 0
ys O 0 t1
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In[14]:= Rji 3R{ >//m1, 451
1 x4 X5 X3
5 Y1 1 1- t1 1- t,
Oout[14]= v, 0 - 0
vz O 0 t1
Compute the invariant of the figure-eight knot
In[15]:= Ri ¢RE 2R3 gR7, 4//my1,251//my 351/ /m1,451//m1,551//my, 651/ /M1, 751/ /m1,851
1 _
Out[15]= 3- t1 1 =
Y1 1

As another example, let us compute the invariant of the following tangle

GammaCalculusDemoFull.nb

6= Rj,2 Rig,¢ R5,11 R3,12 R1,g Ry,1 // M1,451 // M2,552 // M2,652 // M2,752 // m3,853 // m3,953 //
m3,10-3 // M3,1153 // M3,1253
-1+t
(l+_t+32) <_t1 (—l+t3>+t3) Xq X5 X3
_ t3 (=1+t1) (=1+t3) t3 _ (=1+t1) (1-tp-2ta+tp ts)
Out[16] Y1 -ti-ta+ts t3 (-1l+ta+ts) (-ti-ts3+t1 t3) (-l+t2+ts) (-ti-ts3+t1 ts3)
ut[16]=
t2 -1+to
Y2 0 -l+to+ts -l+to+ts
t1 (=1+t3) _ t1 (-1+t3) —l+ti+to-t1 to+2 t3-3 t1 t3-to t3+t1 to t
Y3 —ti-t3+tyts (-1+t2+t3) (~ti-t3+t1ts)

Now let us compute the invariant of the knot 77 in the Knot Atlas.

Printed by Wolfram Mathematica Student Edition

(-1+t2+t3) (-ti-tz+ti t3)

| 3



4 | GammaCalculusDemoFull.nb

First we compute the invariant of the tangle inside the circle

In[18]:= T1 =
Ri,2Ris,4R5,13R3 g Ri2,0 R}, 11 Rio,s // M1,451 // M2,552 // M2,652 // M2 752 // M2,852 // m3,953 //

m3,10-3 // M3,1153 // mM3,1253 // M3,1353 // M3,1453

1
1+t (— 1+ ;) X7
—1+t1+2 t2-2 t1 to-t3+t1 t3+2 £3-2 t1 t3-4 to t3+4 t1 to ta+t3 £3-2 t1 t3 t3-t3+t1 t3+te £3-2 t1 to ti+t1 ti t
Y1 tr (—to-t3+t2 t3)
Out[18]= 2 2
_ L1 (=1l+te)” (-1+t3)
Y2 to (-t2-t3+t2 t3)
_ (=1+ts) (1-2to-ta+to t3)
Y3 te (-t2-t3+t2 t3)
The to obtain the invariant of the knot we perform two extra stitchings
In[19]:= tT1//m2,152 // m3,2,1
1l 5 2
out[19]= o tf ot Sttt X
Y1 1

2. Extended -Calculus

First we format extended I-calculus

In[20]:= erCollect[el'[w_, A_, 0_]] := er'[Simplify[w],
Collect[A, x , Collect[#, y , Factor] &], o];
Format[el'[w_, A_, o_]] := Module[{S, M},

S = Union@Cases[el'[w, A, 0], (X]|Yy)a = a, »];

M = Outer[Factor[Ox,y.,A] & S, S];
M = Prepend[M, yz & /@ S] // Transpose;
M = Prepend[M, Prepend[x: & /@ S, w]];

{M // MatrixForm, o}];
el[wl_, A1_, ol_] = eT[w2_, A2_, 02_] :=
Simplify[PowerExpand[wl == w2 AA1 ==22 A o0l ==021]];

For example
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In[23]:= eI‘[l, {ya,ye}.(g 1_ta)-{xa, Xe}, {sa, Se}-{VarVe}]

ta
1 xa Xe
Out[23]= { va 1 1-ts |, SaVa+Se ve}
ve O ta

Extended stitching

In[24]:= er' /: eT'[wl_, A1_, 0l Jel'[w2_, 22_, 02_] := eT[wl *w2, A1 +2A2, ol +02];

ema_,e_—)C_[er[w_r A_r 0'_]] = MOdule[{al /3! YI 61 el el ¢I llll EI IJ},

a 3 6 Oy, xa A Oy, x, A Oy, A
(Y (<] GJ (aYerxaA aYerxe)' aYe'A /. (y I x)a|e - 0;
¢ ¥ = A Ox A A

oo migerm) e 1),

eI‘[(u=1 7)("! {¥e, 1}.(/3+a6/“ 6+ae/u
(c/. Vaje = 0) + Ve (8, 0) (aveo)]

/. {ta-tc, te-te, ba»bc, be »bc} // eI'Collect];

er[lr {ya, Ye}-(l l_ta)-{xar Xe}, Va"'taVe] ;

eR;._ 1e_ 0 t 4
a

eR; o = eRi. /. ta-t3l;

Cheking meta-associativity

ail ai2 aiz 61

a1 Q22 az23 62
In[28]:= el =el'|w 1 2 c X1, X2, X X S1V1+S2V2+S3V3+SsV
[28] g [ ’ {Y r Y2, Y3, YS} a31 Q32 asz O3 { ’ ’ 37 S} 7 3V3 S S]

o1 @2 @3 E

(ef // emy, 2,1 // emy,3,1)

(ef // emz 3,2 // emy,2,1)

w X1 X9 X3 Xg
Y1 011 012 013 ©1

Out[28]= { Yo Q21 QOpp O3 92 y S1 V1 + Sy Vp + S3 V3 + Sg Vs}
Y3 Q31 O3z 033 O3

ys ¢$1 ¢ ¢z =

out9)= True

Strand reversal

In[30]:= dH[a_][el'[w_, A_, o_]] := Module[{a, e, ¢, &, sa},
a 6\ _ [Oy.,x.,A Oy, A .
(¢ )= om A A ) /- (@1x)a=0;

sa = Oy, 0;

erfaw/sa, {ya,l}.( 1/a 2 ].{xa,l},
-¢/a (aE-¢6)/a
T4 (0/. (va»0})] /. {ta» 1 /ta, bat» -ba} // eTCollect];
sa

Verifying the crossings
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In[31]:= (eRi,z // dH[1]) = (eRp,2)
(eRi,, // dH[2]) = (eRi,z)
(eRi,, // dH[1]) = (eR{,,)
(eRi,, // dH[2]) = (eR{,z)

out31]= True
out;321= True
out33= True

out;3a]= True

Verifying the stitching relations

a B 6
In[35]:= §=eI‘[w, {yo, Ye, ¥s}.|¥ & e].{xb, Xc, Xs}, sbvb+scvc+ssvs]
o ¥ =

(8 // emp,csa // dH[a]) = (8§ // dH[b] // dH[c] // emc,bsa)

W X, Xe Xs

Out[35]= { Yo ?/ g z , Sp Vp + Sc Ve + Sg vs}
Ye
ys ¢ ¥ =

outzel= True

Strand doubling

wen- qA[i_, 3_, k_1[eT[w_, A_, 0_]] :=Module|
{al 9I ¢I EI Sil MI til ul v}l

("‘ 9) - (‘33'1"‘11t a,iz) /. (Y1 %)si»0/. ts>ti;

¢ = Ox;, A A
si=0v,0/. ti»>ti; u=-1+ti; v=a-si;
—a+tisi+t; v (=1+ty) v (-1+t;) 6
u u u
M= t; (Cl+t,) v -si+tia-ty;v ot (-1l+t) 6 ;
U u u
(o] ¢ =

eT[w /. {ti >t te}, {¥5, yr, 1}.M.{x5, %, 1} /. {ti > t;j t«},
(o/. {vi>0})+ (vs+vk) si/. ti|ti-tjtx] //erCollect

IE:

Verifying the crossings
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In[38]:= gA[l, 1, 2] [eR],3] = (eR3,3eRi,s // em3, 4.3)
gA[1l, 1, 2] [eR1,3] = (eRi,3eRz,4 // em3, 4,3)
gA[2, 2, 3] [eRi,2] (eRi, 2 eRj,3 // emy, 451)
qA[2, 2, 3] [eR1,2] = (eRj,3eRy,2 // emy, 451)

out;3g]= True
out;39]= True
outia01= True

outia1]= True
Verifying the stitching relations

a B 6

Y 6 e].{xi, X35, Xs}, SiVi+SjVj+SsVs]

o ¥y =

(8//aAli, i1, i2] // 9A[J, 1, J2]1 // ems 5,5k, // ems,, j,5k,) =
(8 // emi ik // aak, k1, k2])

In[42]:= g= eI‘[w, {yi, ¥5/, ¥s}.

w  Xi X4 Xs
Out[42]= { gl ?/ g z y Si Vi + Sj Vj + Ss Vs}
J
ys ¢ ¥ E

outa3= True

3. The Lie Algebra G

Again first we format Gy

In[44]:= CF[expr_] := expr // Simplify;

E /: CF[E[w_, A_]] := E[CF[w], CF[A]];
E /: E[wl_, A1_]E[w2_, A2_] := CF@E[wl w2, Al +2A2];
E[wl_, A1_] = E[w2_, A2_] := CF[wl == w2 A Al = A2];

So for instance

In[48]:= E[w, Sum[lx,ybxcy +qx,yuxwy, {x, {i, 3}}, {y, {1, J}}11]
Out[48]= ]E[(U, bi Ci li,i +bi Cj li,j +bj Ci lj,i +bj Cj lj,j + Uy Wi qi,i + Uy Wj qi,j +U.j Wi qj,i +U.j Wj C_{j,]]

The switching operators
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In[49]:=

In[52]:=

In[54]

In[

o
13)]

]

Out[55]=

Out[56]=

Nu, c; -k [E[w_, A_]1] := CF|

]E[w, e ¥ Buk+yck+ (A /. ¢cj Iui—>0)] /. {¥ = 0c, B*auil}]i
Nu, c; >k _[E[w_, A_1] := CF|

]E[w, @¥ A Wi + Y Ck + (]L /. cy |wi—>0)] /. {¥ -8, a—»éwix}];
N, u ok _[E[w_, A_]1] := CF[

]E[vw, -bxvaB+vBux+VvSux Wk +Vawk +()L/.wi|uj—>0)] /. v (1+bk6)'1

/. {a>0uA/.u3>0, B>0uA /. Wi>0, & 0u,uA}];
The stitching operation

gm; 5 5k [E[w_, A_]] := CF[Module[{x},
(E [w’ A] /1 Nwicj_)x 1 Nuic"_)x /7 wauj"x) /. {Cj_ 2 Ck, Wy D> Wk, Y_x Yk, bll] —)bk}]]
gRi{ 5 = ]E[l, bi cj + b3t (ebi - 1) u; Wj] ; gRi 5 = ]E[l, -bi ¢y + b3t (cx-z'bi - 1) u; Wj] 8

Next we program a map from Gy to extended IN-calculus.

GOtor[e_] := Module[{A, A, L, v, Q, n, II, DD, T, M, o, i, j},
w=ef[l] /. e* :» eSimplifylx/.b; vlogltill // gimplify;
A = e[[2];
A = Union@Cases[A, (b|c)a » a, »];
L = Outer[Factor[Op,, Oc,A] &, A, A];
Q = Outer[Factor[Ou,w,A] &, A, A];
n = Length[A] ;
II = IdentityMatrix[n];
DD = DiagonalMatrix[Table[bi, {i, A}]];
T = DiagonalMatrix[Table[Product[tk%i]’]j]], {i, 1, n}] , {3, 1, n}]];
o = Sum[Product [txfij7?, (i, 1, n}] vaps1, {3, 1, n}];
M = T.(II-DD.Q) /. e* :» @Simplifylx/.bi »logltill // gimplify;
er[w™, Table[y:, {i, A}].M.Table[x:, {i, A}], o]];

Verifying the crossings

eR{ ; = (gR,; // GOtor)
eRi ; = (gRi,; // GOtor)

True

True

Verifying the stitching relations
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In[57]:= £=E[w, Sum[lx,ybxcy+qx,yuxwy, {x, {1, J, S}}, {y, {i, j, S}}]]
(€ /7 GOtor // ems, o) = (& // gmy,jox // GOtoT)

ours7= E[w, bi ¢y li,i + b CH li,j +b; cs li,S +bj Ci lj,i +bj Cy lj,j +
bycsly,s+bscylg, s +bscylg, g +bscsls,s+uywyds,:+Uswydg,j+

Ui Ws qi,S +L1j Wi qj,i +uj Wj qj,j +L1j Ws qj,S + Ugs Wi C_[S,i + Usg Wj qS,j + Ug Wg qsls]
outs8)= True

Orientation reversal

In[59]:= gH[a_][e_E] :=

(e /. {ca> -Ca, Wa> -Wa, ba>-ba, ua>-ua}) // Ny, c.»a // Ny, c,»a // Ny, u,»a
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