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Agenda

» How to show that a limit DNE.

» Limit laws.
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Limit does not exist

Write the formal definition of

lim f(x) # L.

Hint: Negate the definition of lim f(z) =L
r—a

Ve>0,30>0st.0< |z —a|<d= |f(z)— L| <e.
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Limit does not exist

Write the formal definition of

lim f(z) D.N.E.

r—a

Hint: Negate the statement

JL,Ve > 0,30 >0st. 0< |z —a| <d=|f(z) — L| <e.
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Limit does not exist

Using the e-§ definition, show that

lim — D.N.E.

z—0 \x!

Hint:
@ Plot the function x/|z| near 0.
@ For any L € R, what € > 0 should you choose?

© Construct a formal proof.
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Side Limits

Prove the following theorem

Theorem

Let a € R. Let f be a function defined, at least, on an interval centered at
a, except possibly at a. Let L € R. Show that

lim f(z)= lim f(z)= L if and only if lim f(x) = L.

r—at T—a~ T—a

Hint: For the only if direction

Q Let € > 0 be given.
@ Write down the formal definition of lim f(x) = L.
L

T—a™t

© Write down the formal definition of lim f(x)

r—a~

@ What ¢ > 0 should you choose?
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Side Limits

Use the above theorem to show that

lim — D.N.E.

x—0 |l‘|
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A bad proof

Bad Theorem
Let f and g be functions defined near a, except possibly at a. If
lim f(z) =0, then liin f(z)g(xz) =0.

Tr—a

Bad Proof
We have

lim (2)g(x) = [lim f(x)] - | lim g(x)| = 0- [lim g(z)] = 0,

because 0 times anything is 0.

» Find the error in the proof.
» Show the theorem is false with a counterexample.
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Limits of products

Find functions f and g such that

lim f(x) =0, and ig%[f(w)g(az)] =T.

z—0
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Limits of products

Find functions f and g such that

lim f(x) =0, and ;1_r)r(1)[f(az)g(x)] = 00.

x—0
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Limits of sums

Find functions f and g such that

hi}r(l)f(l‘) D.N.E., and ili}%[f(l‘) +g(x)] =7.
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Squeeze Theorem

Evaluate the limit

lim (z — )27 sin ( ! ) .

T—T xr—T
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Good theorem

Prove:

Theorem

Let f and g be functions defined near a, except possibly at a.
IF

Q lim f(z) =0, and
r—ra
@ g is bounded.

(This means that there exists M > 0 such that for all z € R,
lg(z)| < M, except perhaps when z = a.)

THEN ilg}l f(z)g(xz) =0.
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Next Class: Monday Oct 2

Watch videos 13, 14, 15 in Playlist 2.
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https://www.youtube.com/playlist?list=PLlwePzQY_wW8P_I8BFgm0-upywEwTKd8_

